Chemical and thermal freeze-out of the hadronic fireball formed in symmetric collisions of light, intermediate-mass, and heavy nuclei at beam energies between 0.8A GeV and 2.0A GeV are discussed in terms of an equilibrated, isospin-symmetric ideal hadron gas with grand-canonical baryon-number conservation. For each collision system the baryochemical potential µ B and the chemical freeze-out temperature T c are deduced from the inclusive π 0 and η yields which are augmented by interpolated data on deuteron production.
the chemical freeze-out temperature T c are deduced from the inclusive π 0 and η yields which are augmented by interpolated data on deuteron production.
With increasing beam energy µ B drops from 800 MeV to 650 MeV, while T c rises from 55 MeV to 90 MeV. For given beam energy µ B grows with system size, whereas T c remains constant. The centrality dependence of the freezeout parameters is weak as exemplified by the system Au + Au at 0.8A GeV.
For the highest beam energies the fraction of nucleons excited to resonance states reaches freeze-out values of nearly 15%, suggesting resonance densities close to normal nuclear density at maximum compression. In contrast to the particle yields, which convey the status at chemical freeze-out, the shapes of the related transverse-mass spectra do reflect thermal freeze-out. The observed thermal freeze-out temperatures T th are equal to or slightly lower than
I. INTRODUCTION
Relativistic nucleus-nucleus collisions offer the unique possibility to study nuclear matter under the influence of high temperature and pressure. At incident energies around 1A GeV the formation of a hot and dense reaction zone, dubbed the fireball, has been verified experimentally [1] . According to model calculations, the compression phase lasts for time spans of 10 -15 fm/c and reaches densities of 2 -3 times the nuclear ground-state density [2] [3] [4] [5] .
Simultaneously, temperatures up to ≈100 MeV may be achieved and a substantial fraction of the nucleons participating in the collision is excited to heavier, short-lived resonance states which decay predominantly via meson emission [6] [7] [8] . Thus the fireball produced in the energy regime of the heavy-ion synchrotron SIS at GSI Darmstadt comprises nucleons, resonances, and mesons.
It is an interesting question to what extent this hadronic system can be described in terms of chemical and thermal equilibrium. In the present paper we address this issue on the basis of inclusive as well as centrality-selected data on π 0 and η-meson production in collisions of nuclei with equal mass number A. Chapter 2 introduces the relevant concepts and gives a brief account of previous studies of the hadronic fireball at SIS energies. The existing systematics of π 0 and η production is reviewed in chapter 3. There we demonstrate that thermal concepts do provide a useful description of the fireball at SIS energies. Our model of an ideal hadron gas in chemical equilibrium is presented in chapter 4. Chapter 5 discusses the results of the thermal analysis. The chemical composition of the fireball at freezeout is determined, and the consistency of chemical and thermal freeze-out temperatures is addressed. Finally, the freeze-out conditions of hadronic matter as derived for the SIS energy regime are compared to results obtained from similar analyses of particle ratios measured at significantly higher incident energies at the AGS (Brookhaven National Laboratory) and the SPS (CERN).
II. THERMAL CONCEPTS IN NUCLEUS-NUCLEUS COLLISIONS AT SIS ENERGIES
In the initial phase of nucleus-nucleus collisions with incident kinetic energies E One has to distinguish between chemical and thermal freeze-out which -in the limit of sudden freeze-out -correspond to those moments in time when the relative abundances of the particle species or their momentum distributions stop to change. While only inelastic collisions involving the short-range nuclear force can alter the relative particle yields, the momentum distributions of the particles are governed by the larger total interaction cross sections. Consequently, thermal freeze-out does not occur before chemical freeze-out.
Through the frequent scattering processes of the constituents the system maintains chemical and eventually thermal equilibrium.
It has been shown that at the AGS (E beam ≤ 13.7A GeV) and the SPS (200A GeV) a large number of hadronic observables, including strange-particle yields, is in quite good agreement with such an equilibrium scenario [9] [10] [11] [12] . At the much lower SIS energies, however, only a very limited variety of hadron species is produced with significant yields. Therefore, in contrast to the situation at AGS and SPS energies, the number of observables which may reflect the chemical or thermal freeze-out is comparable to the number of free parameters in common thermal models. Nevertheless, several analyses have been performed to check for consistency between data and thermal-model predictions also at SIS energies. Midrapidity transverse-momentum spectra of charged pions, protons, and deuterons measured in central Ni + Ni collisions at 1.06A, 1.45A, and 1.93A GeV were observed to be consistent with thermal equilibrium if, in addition, collective radial flow was taken into account [13] . For the same reactions also chemical equilibrium has been claimed with close agreement between the chemical freeze-out temperatures and the temperatures derived from the particle spectra.
Recently, Cleymans et al. have extended the thermal analysis at SIS energies to comprise also the strange mesons K + and K − . In their systematic study of central collisions of Ni + Ni and Au + Au based on a model with canonical strangeness conservation [14, 15] the yields of protons, deuterons, charged pions, and K mesons were found to agree with chemical equilibrium at freeze-out. Failure of their analysis to also accomodate the η meson within this common freeze-out picture [15] may be attributed to the use of extrapolated η yields.
III. EVIDENCE FOR THERMAL BEHAVIOR FROM MESON YIELDS AND

SPECTRA
Pions and η mesons are the most abundantly produced mesons at SIS energies. While the pionic degree of freedom is also covered by the spectroscopy of the charged members of the isospin multiplet, it is only through γ-ray spectroscopy that the η meson becomes observable in nucleus-nucleus collisions. The two neutral mesons π 0 and η can both be identified by a two-photon invariant-mass analysis of coincident photon pairs. Using the Two-Arm Photon Spectrometer, the TAPS collaboration performed a series of systematic meson-production experiments covering incident energies from 0.2A GeV to 2.0A GeV.
These measurements have established an extended data base for π 0 and η production in light (C + C), intermediate-mass (Ar, Ca + Ca), and heavy symmetric systems (Ni + Ni, Kr + Zr, Au + Au) [16] [17] [18] [19] [20] [21] [22] [23] .
The primary information for the present discussion is provided by the inclusive meson yields. They have been determined within narrow rapidity intervals around midrapidity. For a consistent treatment the data of the various systems are extrapolated to the full solid angle assuming an isotropic source at midrapidity. Except for the system Au + Au at 0.8A GeV [16] and the systems Au + Au and Kr + Zr at 1.0A GeV (see table I ), where B has been determined experimentally, we calculate B from the geometrical overlap of two colliding sharp spheres which gives B = A/2 in case of collision partners with equal mass number A. A steep rise of the normalized meson ratios with increasing energy is observed. In addition, a weaker dependence on the size of the collision system is visible with the clear tendency towards smaller inclusive yields in the heavier systems. The same trends have also been observed in charged-pion production experiments [24, 25] . In first approximation all data points fall onto a smooth curve indicating that to a large extent the meson-production probability is determined by the energy available per baryon. This is quite remarkable because π 0 and η production proceed through different baryon resonances: π 0 mesons mainly come from ∆(1232)-resonance decays, while the heavier η mesons essentially originate from the N(1535) resonance which, at SIS energies, is the only significantly populated baryon resonance with a large decay width into η mesons. The fact that the basic production mechanism is no longer apparent in the observed meson yields may be interpreted as a first indication for meson emission from an equilibrated source.
The second important result concerns the average transverse momenta p t at midrapidity. For the decay of nominal-mass ∆(1232) and N(1535) resonances one has center-of-mass momenta of 229 MeV/c for π 0 from ∆(1232) and 182 MeV/c for η from N(1535). For resonances embedded in an isotropic fireball one therefore expects average transverse momenta obeying p t π 0 > p t η . Fig. 2 shows the experimental results as a function of the energy available per baryon. Although the uncertainties for the η data are large compared to those of the π 0 data, the η momenta are clearly higher than the π 0 values, opposite to the expectation. For both mesons the initial rise of p t slows down with increasing available energy, indicating possible saturation of the average transverse momentum. We conclude that also with respect to the shapes of the meson spectra the naive expectations based on the production mechanism are not borne out experimentally.
As a third piece of evidence for thermal behavior we mention the transverse-mass spectra of the mesons. At midrapidity the transverse mass m t of a particle is equivalent to its total energy in the center-of-mass system. Following [26, 27] , the transverse-mass distribution of particles with mass m emitted isotropically from a thermal source is characterized by a Boltzmann temperature T B and, at midrapidity, can be approximately described by
In Fig. 3 transverse-mass distributions of π 0 and η mesons are plotted together with fits according to the parametrization given in Eq. 1 for three different systems at incident energies near 2A GeV. Within each reaction the π 0 and η spectra exhibit almost identical inverseslope parameters T B which in addition do not change significantly with the mass of the colliding nuclei. In all three systems the π 0 and η intensities roughly coincide for m t ≥ m η .
This indicates that it is the energy required to produce a given transverse mass which determines the relative abundance of the meson species near midrapidity. For low m t , however, individual differences among the collision systems become apparent. Fig. 3 shows a systematic enhancement over the exponential rise extrapolated from the high-m t region if one goes from the light C + C to the heavy Ni + Ni system. The same observations, namely m t scaling of the π 0 and η intensities and low-m t enhancement of the π 0 spectrum in heavy systems, have been reported at various energies down to 0.8A GeV and seem to be a general feature of heavy-ion collisions in the SIS-energy regime [16, 17, [19] [20] [21] 23] .
Possible explanations that have been suggested for the low-m t enhancement involve pion rescattering through resonance states in the heavier systems [28] and multiple pion decay of heavy resonances [29] .
Transverse-mass scaling in the high-m t region does not prove that the fireball actually has reached chemical equilibrium. The particle spectra of an equilibrated source, however, would follow phase space distributions as observed, at least for vanishing flow.
IV. IDEAL HADRON-GAS MODEL
In our ansatz we assume that at chemical freeze-out the fireball can be described in terms of an ideal, equilibrated hadron gas. As constituents we take into account pions and η mesons, as well as nucleons, deuterons, and all non-strange baryon resonances up to a mass of 1.8 GeV (see table II), which corresponds to √ s − m N at 2A GeV beam energy.
In the grand-canonical description chosen, hadronic matter is characterized by a baryochemical potential µ B and a temperature T c . Furthermore, one might consider the isospin of the system. In the present analysis, however, we neglect isospin as an additional degree of freedom, mainly because our data base of π 0 and η yields is insensitive to isospin. Within the isobar model for instance, the π 0 yield amounts to one third of the total pion yield of a heavy-ion collision irrespective of the actual isospin of the projectile-target system. The other important observable at SIS energies, the η meson, does not carry isospin. Thus, only the third observable in our data base, the relative yield of deuterons and nucleons, depends on the isospin.
In the grand-canonical description of a system of noninteracting fermions and bosons the particle-number densities ρ i are given by integrals over the particle momentum p
where g i is the spin-isospin degeneracy, E i the total energy in the local restframe, and B i the baryon number of the particle species i. The form of the denominator in the integrand accounts for the different statistics of fermions and bosons.
Eq. 2 describes an infinitely large system of stable particles and cannot be directly applied to the hadronic fireball in a nucleus-nucleus collision. To account for the fact that the fireball occupies only a finite volume, a surface correction has to be included. We assume a spherical freeze-out volume V c of radius R c and obtain a momentum-dependent correction factor f (pR c ) [30, 31] 
in the integrand of Eq. 2. The correction leads to a 30-40% reduction of the individual particle-number densities as compared to infinite nuclear matter. Particle ratios, however, are hardly affected since here the corrections nearly cancel. The freeze-out radius of the system is fixed by baryon number conservation
where the baryon density ρ B comprises contributions from nucleons, deuterons, and reso-
Given the feedback via Eq. 3, R c has to be adjusted iteratively. Starting from an ad-hoc initial value, R c is varied in steps of 0.5 fm in order to fulfill Eq. 4 within the uncertainties of the experimental particle ratios.
The second modification of Eq. 2 is related to the fact that the baryon resonances are unstable particles which do not have a fixed mass but exhibit a broad mass distribution.
In contrast to thermal-model analyses of AGS and SPS data, the actual mass distributions cannot be neglected in the 1A GeV energy regime since here the energy available in the nucleon-nucleon system is comparable to the excitation energy of the baryon resonances.
This means that the ∆(1232) resonance, the lowest of the baryon resonances, is by far the most abundantly populated resonance and that all resonances are populated predominantly in the low-mass tail of their mass distributions. To account for the off-shell behavior of the resonances, the integrand in Eq. 2 is folded with normalized mass distributions A i (m). These are trivial delta functions for the stable nucleon and deuteron and for the electromagnetically decaying π 0 and η, while the scheme to parametrize the resonance mass distributions has been adopted from [29] .
We describe a given resonance mass distribution by a Lorentzian of the form
The characteristic parameters are the nominal resonance mass m R and the mass-dependent total decay width Γ R (m). As decay modes we take 1π, 2π, and η decay to the nucleon ground state into account. The total decay width at mass m thus is given by
The 2π decay is described in terms of a one-step process where the resonance decays into a nucleon and an object with angular momentum l = 0 and twice the pion mass m 2π = 2m π .
The hypothetical di-pion subsequently disintegrates into two pions. With this simplification the 2π decay width can be written in complete analogy to the 1π and η widths. For the mass-dependent partial decay widths Γ 1π,2π,η (m) we thus obtain
The partial decay widths at m = m R are listed in Tab. II. The quantity l is the angular momentum of the emitted meson or di-pion, and q is the momentum of the particle in the restframe of the decaying resonance, with q R denoting the special case of m = m R . The cutoff parameter δ is given by
Only in the case of the ∆(1232) resonance we deviate from this prescription, mainly for the sake of consistency. Use of the well-established parameters Γ R = 110 MeV and δ = 300
MeV/c determined for this resonance by Koch et al. in a non-relativistic analysis (see [33] )
requires an additional term m R /m on the right-hand side of Eq. 9.
Furthermore, one could consider an excluded-volume correction to take into account the hadron-hadron hard-core repulsion. This means that one would consider a real rather than an ideal hadron gas. An excluded-volume correction, however, does not play a significant role for particle-yield ratios as demonstrated in [12] . Another reason to omit the excludedvolume correction is the fact that chemical freeze-out seems to occur at baryon densities well below the nuclear ground-state density. The system therefore is rather dilute which supports the assumption of an ideal gas of pointlike non-interacting particles.
With the modifications introduced by Eqs. 3 and 6 the particle-number densities of Eq. 2 are given by
Equation 6 represented by a given resonance R one obtains
with w = 1 in the case of one-pion or η-meson emission and with w = 2 for the two-pion
decay. The resonances present at freeze-out also contribute to the asymptotically observed abundance of nucleons. Furthermore, the η meson (lifetime cτ = 1.7 × 10 5 fm) gives rise to additional π 0 intensity via its 3π 0 and π + π − π 0 decays with branching ratios of 32% and 23%, respectively.
V. THERMAL-MODEL ANALYSIS
The values for the two parameters of the hadron-gas model -the baryochemical potential µ B and the temperature T c -can be derived from any two relative abundances of the constituents. Furthermore, the baryon content of the system has to be known for an assessment In the thermal analysis the three particle ratios are related to the particle-number densities calculated within the thermal model by the following equations:
Each equation defines a band in the µ B ,T c -diagram. The widths of these bands are given by the uncertainty of the input values, and for each individual collision system which is characterized by its triplet of particle ratios one obtains the chemical potential and the temperature as coordinates of the common intersection point of the three bands. Provided the experimental uncertainties correspond to Gaussian errors one has a probability of 20% that the true values of the three particle ratios simultaneously fall into the 1σ uncertainty ellipsoid, while this probability rises to 75% for 2σ uncertainty [37] . For a consistent treatment of the full data sample it is therefore necessary to allow for uncertainties in excess of two standard deviations in the input ratios.
The system size also has to be considered as input information. Through baryon conservation expressed in the grand-canonical form of Eq. 4 the baryon number determines the freeze-out radius R c . For typical values of R c around 5 fm we find that changes within ±1 fm of the final solution hardly affect the numerical values for µ B and T c , but substantially alter the freeze-out density ρ B due to its 1/R 3 c dependence. Larger variations up to ±2 fm may still lead to solutions on the 2σ-level for the particle ratios with changes in µ B and T c within ±5%, but ρ B becomes increasingly incompatible with Eq. 4.
The connection between a given particle ratio and the freeze-out parameters µ B and T c is illustrated in Fig. 4 . A global value of 5 fm for the radius parameter R c has been chosen to generate the diagram. Curves of constant particle ratio in the µ B , T c -plane are referred to as freeze-out lines. Since R c is fixed, B varies along the freeze-out lines. The intersection of any two freeze-out lines from different particle ratios thus only describes a physical solution if also the corresponding values of B overlap. The third freeze-out line then has to intersect within the experimental uncertainty and for the same value of B . In ellipsoid of the intersecting remaining freeze-out lines in the analysis of Cleymans et al. [15] .
In summary, no significant centrality dependence of the freeze-out parameters is found for the heavy system Au + Au at 0.8A GeV. For the lighter systems and for beam energies which are less subthreshold for η production a possible dependence on the impact parameter therefore can be neglected at the present level of accuracy. resonances at freeze-out to the corresponding number at maximum compression [29, 38] .
B. Results for Inclusive Collisions
Using this information together with an allowance for contributions from higher resonances, one obtains a value of 0.4 ρ max ≈ ρ 0 for the maximum resonance density in the collisions at 1.9A and 2.0A GeV, see Fig. 9 . Although the density of baryon resonances only amounts to about 40% of the total baryon density, resonance-resonance interactions might take place.
Hadronic matter in that state has been referred to as resonance matter [6, 8] .
Concerning the meson sector of the freeze-out state, an important observation is that For a quantitative discussion, we plot in Fig. 10 
D. Time Order of Chemical and Thermal Freeze-out
In a sudden freeze-out scenario the temperature of an equilibrated hadron gas at thermal freeze-out is characterized by the momentum spectra of the emitted particles. The experimental spectra, however, may be modified by resonance decays and, in particular in heavy systems, by the rescattering of particles off spectator material. In addition, energy transferred into collective flow reduces the temperature of the system. Thus, in order to extract the freeze-out temperature T th from the spectral shapes, further assumptions have to be made leading to model-dependent results. Nevertheless, the meson spectra of the present data base do provide a valuable consistency check for the chemical freeze-out analysis in the sense that the different model temperatures are subject to constraints due to the time order of chemical and thermal freeze-out.
As an example we consider the impact-parameter inclusive transverse-mass spectra of π 0 and η mesons presented in Fig. 3 . The spectra can be described reasonably well by exponential distributions, provided one excludes the low transverse masses from the fit.
For all three collision systems the Boltzmann parameters T B , which reflect the temperature The absence of a low-m t enhancement in the C + C spectrum of Fig. 3 is remarkable.
To the extent that rescattering can be assumed negligible, the light C + C system should show the expected influence of resonance decay. Instead, a perfectly exponential behavior is observed over the full m t range, although pions from resonance decay do comprise 40% of the total pion intensity (see Fig. 10 ). Consequently, the onset of the low-m t enhancement visible in the Ca + Ca and Ni + Ni cases of Fig. 3 probably has to be attributed to rescattering in spectator material.
Collective flow affects the meson spectra. The point is, that one has to know the underlying flow profile in order to analyze a given spectral shape. For the present analysis we have chosen the blast model proposed by Siemens and Rasmussen [39] . In this model, the fireball in thermal equilibrium is assumed to expand isotropically. All particles in the fireball share a common temperature T SR and have a common radial-flow velocity β SR . The modification of the spectra compared to pure Boltzmann distributions becomes more significant the heavier the considered particle species is. Since pions and η mesons have low masses their spectra are not very sensitive to the radial-flow velocity. Therefore, a fit to the mesonic transverse-mass spectra considering both T SR and β SR as free parameters would determine the freeze-out parameters only with large uncertainties. To avoid this situation, we exploit the fact that for the present range of collision systems β SR is known to have values between 0.25 and 0.35 in accord with the systematics of radial flow velocities measured for heavier particles (A=1 to 4) in central collisions as quoted in [40] . Thus only T SR is treated as a fit parameter while β SR is kept constant. In the π 0 cases we furthermore restrict the fit to m t ≥ 400 MeV as was done for the Boltzmann fits. Under these conditions the π 0 and η spectra can be described within the Siemens-Rasmussen model for all beam energies and target-projectile combinations. In general, the extracted temperatures T SR are 10-20%
smaller than the corresponding Boltzmann temperatures T B , see Fig. 11 . The actual reduction is correlated with the magnitude of β SR chosen in the fit, with T SR decreasing for increasing β SR .
Thermal freeze-out does not occur before chemical freeze-out and, therefore, the thermal freeze-out temperature T th cannot be larger than T c . The available midrapidity spectra of the E. Chemical Freeze-out Curve for Hadronic Matter Fig. 12 shows our results within a schematic phase diagram of hadronic matter, together with other data points obtained from particle-production experiments at higher energies [10, 11] . In contrast to the AGS and SPS results the chemical freeze-out parameters deduced at SIS energies are far below the expected phase boundary between hadron gas and quarkgluon plasma. For zero chemical potential the critical temperature is constrained by lattice QCD calculations. For finite values of µ B the phase boundary can be approximated in a simple model by equating chemical potential and pressure in the hadronic phase and in an idealized quark-gluon plasma [11] . It has recently been noticed by Cleymans and Redlich that, within their hadron-gas model, the chemical freeze-out curve corresponds to an average energy per hadron of 1 GeV [41] . The resulting curve is shown in Fig. 12 as a solid line which is in close agreement with the deduced freeze-out parameters.
At SIS energies thermal and chemical freeze-out seem to nearly coincide. In contrast,
at SPS beam energies the freeze-out parameters clearly indicate that thermal freeze-out reflects a later stage of the collision as significantly lower temperatures compared to chemical freeze-out are deduced [42] .
VI. SUMMARY
The inclusive neutral-pion and η-meson yields measured in symmetric collisions of light, In contrast to the particle yields, which convey the status at chemical freeze-out, the shapes of the related transverse-mass spectra do reflect thermal freeze-out. After proper allowance for radial flow the slope parameters observed for the midrapidity spectra of the neutral mesons correspond to thermal freeze-out temperatures which are equal to or slightly lower than the chemical freeze-out temperatures. In contrast to ultrarelativistic collisions studied at the SPS, chemical and thermal freeze-out thus seem to occur almost simultaneously at SIS energies as is also observed for heavy-ion collisions at the AGS.
Particle yields and spectral shapes reflect only two facets of the very complex process of a relativistic nucleus-nucleus collision. With these observables alone it is not possible to decide whether chemical equilibrium is actually reached during any stage of such a collision.
In fact, the observation that for the heavy collision systems the agreement between data and hadron-gas model is not as good as for the light systems can be seen as one indication that physics beyond equilibrium concepts may still be visible in the final state of relativistic nucleus-nucleus collisions around 1A GeV.
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